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Abstract. We will study the asymptotic behaviors of the colored Jones poly- 
nomials of the figure-eight knot. In particular we will show that for certain 
limits we obtain the volumes of the cone manifolds with singularities along the 
knot. 



1. Introduction 

Let Jm{K] t) be the colored Jones polynomial of a knot K associated with the A^- 
dimensional irreducible representation of the Lie algebra s[(2; C), normalized so that 
JAr(unknot; t) — 1. If we evaluate it at the iV-th root of unity exp(27r-\/— then 
its absolute value coincides with Kashaev's invariant 0131^]. It was conjectured 
by R. Kashaev [3] that the growth rate of his invariant for large N determines 
the hyperbolic volume of a hyperbolic knot. His conjecture was generalized by 
J. Murakami and the author to the following Volume Conjecture: 

Conjecture 1.1 (Volume Conjecture). Let K be any knot. Then 

27r im ^ ^V3\\S-'\K\\, 

where V3 is the volume of the ideal regular hyperbolic tetrahedron and \\M\\ is the 
Gromov norm (or simplicial volume). In particular if K is hyperbolic, then the 
right hand side coincides with the volume of the knot complement Vol(S''^ \ K). 

See H d 112 ESI EHl HEl EE El El El El for related topics. 

In this paper we will study limits of the colored Jones polynomials of the figure- 
eight knot evaluated at exp(27^r^/— for a fixed number r. Put A{z) :— 

— / log 1 2 sin a; I c?x, the Lobachevski function, and 6{r) := arccos (cos(27rr) — 1/2) 
Jo 

with < arccos(a;) < tt. 

Theorem 1.2. Let r be a real number satisfying 5/6 < r < 7/6. Then 

loglJAT (£;;exp(27rrx/^/A^))| 2A(7rr + 6i(r)/2) - 2A(nr - e{r)/2) 
2tt lim sup ■ — = . 

AT^oo N r 

Moreover if r is irrational or r — 1, then 

logjjjv {E;exp{2nry/^/N))\ 2A{nr + e{r)/2) - 2A{TTr - e{r)/2) 



27r lim 

and if r 1 and rational, then 

log I Jn {E; exp(27rrv^/iV)) | 



27r lim inf ■ 
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Remark 1.3. The case where r = 1 is due to R. Kashaev |3] and T. Ekhohii [5], 
and the foUowing proof is similar to Ekholm's. 

Remark 1.4. The value 2A(7rr+6'(r)/2) —2A(7rr—6'(r)/2) coincides with the volume 
of the cone-manifold with underlying space S^, the singularity the figure-eight knot, 
and the cone-angle 27r|l — r| [111 IT], which was informed by S. Gukov, A. Mednykh, 
and A. Vesnin. 

Remark 1.5. Some results in ^ were erroneously stated. The author did not 
consider the case where r is rational. 

We also calculate the limits for some other cases. 

2. Preliminaries 

Let E denote the figure-eight knot 4i. Due to K. Habiro and T. Le, the following 
formula is known. 

N-l k 

(2.1) Jn{E- <) = 5] n - - i-(^-J-)/2) . 

k=0 j=l 

Put t = exp(27rr\/^/iV). Since 

^iN+j)/2 _ ^-{N+J)/2 ^ 2V^sin{TTr{N + j)/N) 

and 

^{.N-,)/2 _ ^-{N-,)/2 ^ 2A/^sin(^r(A^ - j)/N), 

we have 

(^{N+])/2 _ ^-(N+])/2\^ (^{N-])/2 _ ^-{N-j)/2"j 

— Asm{Trrj /N + nr) sm{Trrj /N — 7rr). 

Put 

g{j) : — 4sin(7rrj'/A^ -|- nr) svninrj /N — nr) 
= 2cos(27rr) - 2cos{2nrj /N) 

and 

k 

/(fc): = n3(j) 
so that JNiE] exp(27rry^/Ar)) = J2k=Q fik). 

3. The case where r is irrational and 5/6<r<l ORr = l. 

In this section we prove Theorem 11.21 in the case where 5/6 < r < 1 and r is 
irrational, or r = 1. 
We put 

B:^^i^, C:=«, and ^ 

r 2nr 2nr 

with 9{r) := arccos (cos(27rr) — 1/2). Here arccos takes its value between and 
TT. Note that 0<B<C<D<1(B = only if r = 1), that g{B) = and 
g{C) = g{D) ~ 1, and that B is not an integer for any N since r is irrational. 
Therefore g{j) ^ for any integer < j < A^ in this case. 
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Since we have 



-1 < g{j) < for < j < B, 

0<g{j)<l for B<j<C, 

g{j) > 1 for C < j < D, and 

< g{j) < 1 for D <j <N, 



Table of g{j) regarding j as a continuous parameter 


j 







B 




C 




D 






9ij) 


-1 < g{0) < 


/ 





/ 


1 


> 1 


1 


\ 






we see 

(1) If j < B then the signs of /(j) alternate, that is, /(j — < 0, and if 
j > B then the signs of f{j) are constant, and 

(2) 1 = 1/(0)1 > 1/(1)1 > ... > |/(LCJ -1)1 and |/(LCJ)| < ••• < \fm)\, 
where [xj is the greatest integer that does not exceed x. 

Put Fn ■■= |/(L-DJ)|, which is the maximum of {|/(j)|} for < j < TV - 1. 
We will show the following inequality. 

Claim 3.1. 

Fn-1< \JN{E;exp{2TrrV^/N))\ < NFn 

Proof. The last inequality follows since \ f{j)\ < Fjv and Jn{E; exp{2'Kr\/^-i/N)) = 
Ej^'oV(j)- 

To prove the first inequality, first we consider the case where \_B\ is odd. In this 
case since /(O) = 1, /(2j - 1) + f{2j) < for 2j < [BJ, and f{j) < for j > [BJ, 

we have 

\jN{E;exp{2Trry/^/N))\ 

= 1/(0) + {/(I) + /(2)} + {/(3) + /(4)} + . . . + {f{[B\ - 2) + f{[B\ - 1)} 

+ filB\) + f {IB\ +!) + ■■■ + f{N-l)\ 
= -1 + 1/(1) + /(2)| + 1/(3) + /(4)| + . . . + |/([BJ - 2) + /([SJ - 1)1 

+ I/(LSJ)| + |/(LBJ + 1)1 + • • • + |/(L^J)| + • • • + \f{N - 1)1 

>Fn-1 

and the first equality follows. 

Next we consider the case where [B\ is even. In this case since /(2j)+/(2j + l) > 
for 2i + 1< [Bj , and /(j) > for j > [Bj , we have 

I Jjv(-B; exp(27rr\/^/Ar))| 

= |{/(0) + /(I)} + {/(2) + /(3)} + . . . + {/([BJ - 2) + f{[B} - 1)} 

+ fm) + f{[B\+l) + ... + f{N-l)\ 

= 1/(0) + /(1)| + 1/(2) + /(3)| + . . . + |/([BJ - 2) + filB\ - 1)1 

+ \fiiB\)\ + ifm + 1)1 + • • • + \fm)\ +...+ i/(iv - 1)1 

> Fm. 

and the first equality also follows. □ 

Now we study the asymptotic behavior of Fn- 
Claim 3.2. 

hm = i- {A (Trr + 9{r)/2) -A{nr- 9{r)/2)} . 
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Proof. Since 



L-DJ 

FN^\fm)\ = l[\gij)\ 

= \2sm{Trr j/N + 7rr)| |2sin(7rrj7^ - 



7rr I 



we have 



lim 



log Fat 



N^co N 



lim — {log 1 2 sin(7rrj7iV + Trr) \ + log |2 sin(7rrj/A^ — t''^)!} 



1 

7rr 
1 



r-ei(r)/2+7rr 



pn — 9{r)/2 — 7Tr 

log |2sina;|c?x H / log 12 sinxldcc 

Trr I 



= — {-A(7r - 9(r)/2 + Trr) + A(7rr) - Ain - 0(r)/2 - Trr) + A(-7rr)} 
Trr 

= — {A(Trr + 6l(r)/2) - A(Trr - 6l(r)/2)} . 
Trr 

Here we use the formulas — A(— .t) = A{x + tt) = A{x). 



□ 



Since A(Trr+^^(r)/2)—A(Trr—(?(r)/2) > (see Appendix), grows exponentially 
and so limTv-^oo log(FAr - 1)/N = limAr_»oo log Fat/TV. 

Now since limTv-^oo \og N/N = 0, we have from Claim IXTl 



lim 



log|Jjv(g;exp(2^rV^/A^))| 
N 



lim 



log Fat 



N^oo N 

= — {A(Trr + 6l(r)/2) - A(Trr - 6l(r)/2)} . 



This completes proof of the theorem in the case where r is irrational with 5/6 < 
r < 1 or r = 1. 



4. The case where r is irrational and 1 < r < 7/6 



We put 

B:=^^^. C 



Ne{r) 



D 



N{2TT-e{r)) 



and B' 



N{2 



r 2'Kr 2'Kr r 

Note that Q<B<C<D<1, that g{B) = g{B') = and g{C) = g{D) = 1, and 
that B and B' are not integers for any N since r is irrational. Therefore g{j) ^ 
for any integer < j < in this case. 
Since we have 



-1 < g{3) < for 

< g{j) < 1 for 

g{j) > 1 for 

< g{j) < 1 for 

-1 < g{j) < for 

the proof is similar to the case where 5/6 < r < 1. We put Fjy ■— |/([I?J)|. 



< j < S, 

B<j<C, 

C<j<D, 

D < j < B', and 

B' <j< N, 



Table of g{j) regarding j as a continuous parameter 


j 







B 




c 




D 




B' 




N 


,,,, 


-1<5(0) <0 


/ 







1 


gU) > 1 


1 


\ 





-1 < 5(j) < 
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If [BJ is odd, we have 
I Jn{E; exp{2nrv^/N))\ 

= 1/(0) + {/(I) + /(2)} + {/(3) + /(4)} + . . . + {f{[B\ - 2) + fi[B\ 1)} 
+ f{[B\) + f{[B\+l) + --- + f{[B'\-l) 
+ .filB'\) + filB'\+l) + --- + fiN-l)\ 
= -1 + 1/(1) + /(2)| + 1/(3) + /(4)| + . . . + |/(Li?J - 2) + f{[B\ - 1)1 
+ |/(LSJ)| + |/(Li?J + 1)1 + • • • + |/(L^J)| + • • • + \f{[B'\ - 1)1 

• \f{[B'\) + f{[B'\ + 1)1 + • • • + \f{N - 2) - f{N - 1)1 

if iV - [B'J is even 

|/(LB'J) + filB'l + 1)1 + • • • + |/(iV - 3) - /(iV - 2)1 + |/(iV - 1)1 

if AT - [B'\ is odd 

>Fn-1 
If [B\ is even, 

I Jn {E: exp(27rr V^/A^)) I 

= |{/(0) + /(I)} + {/(2) + /(3)} + • • • + {/(LSJ - 2) + fi[B\ - 1)} 
+ f{[B\) + f{[B\+l) + --- + f{[B'\-l) 
+ filB'\) + \filB'\+l)\ + --- + \fiN-l)\\ 
= 1/(0) + /(1)| + 1/(2) + /(3)| + . . . + |/(Li3j - 2) + fi[B\ - 1)1 
+ |/(LSJ)| + \f{[B\ +l)\ + ... + \f{lD\)\ + --- + \f{[B'\ - 1)1 

• \f{lB'\) + f{[B'\ + 1)1 + • • • + \f{N - 2) - fiN 1)1 

if iV - [B'\ is even 

\f{[B'\) + f{[B'\ + 1)1 + • • • + \f{N - 3) - /(iV - 2)1 + |/(iV - 1)1 

if TV - [B'\ is odd 
> Fn. 

So we have i^jv — 1 < \JNiE; exp(27^r^/^/A^))| < NFn, and the result follows, 
completing the proof of Theorem 11.21 
As a corollary we have 

Corollary 4.1. 

^. log|jjv(£;;exp(2^r\/^))| 1 log | Jw(£;; exp(27ry^))| 

hm < lim sup ■ — > = lim sup ■ 



1 1 N^oo N J 7V-»oo N 

5. The case where r is rational and |1 — r| < 1/6. 
Put r :— q/p with coprime integers p and q. 

Suppose first that N is not a multiple of q. Then B and B' are not integers 
and g{j) ^ for any j. So in this case a similar argument for the case where r is 
irrational applies and we have 

log|J^,(g;exp(2.rV^/iV))| ^ ^ ^ _ ^ _ 

TV' 7rr 

for the subsequence {N'} of natural numbers which are not multiples of q. 

Next suppose that is a multiple of q, say N — nq. Then B is an integer since 
B — n{p ~ q) {n{q — p) respectively) if 5/6 <r<l(l<r< 7/6 respectively). 



6 



HITOSHI MURAKAMI 



Therefore -1 < g{j) < for < j < i? and g{j) = ioi j > B and so < 1 

for < j < B and f{j) = for j > B. Thus we have 



Jjv(-B;exp(27rr\/^/A/')) = 



Af-l 



fe=0 



B-l 



fe=0 



< Ei/wi 

fe=0 



B-l 



<B = N\l-l/r\. 

Moreover since 

f {1 + /(I)} + {/(2) + /(3)} + . . . + {/([SJ - 2) + f{[B\ - 1)} 

if [BJ is even 

{1 + /(I)} + . . . + {/([BJ - 3) + /([BJ - 2)} + f{\_B\ - 1) 

if [BJ is odd 

> 1 + /(I) = 1 + 2cos(27rr) - 2cos{2irr/N) 

> 2 - 2cos(27rr/iV). 

Therefore 



/s=0 



|Jjv(S;exp(27rr\/^/Ar))| > 2 -2cos{2nr/N) > 2 - 2 1 



(27rr/Af)'^ 
6! 

= (27rr)V360Ar^ 

So we finally have 

log ((27rr)V360A^6) log | JAf(£;; exp(27rrV^/A^))| log(iV|l - l/r|) 
N ^ N ^ N 

and so \og\JN{E; eKY>{2-Kr\/^^/N))\/N can be arbitrarily small in this case. There- 
fore 

log I Jjv"(B; exp(27rrV^/iV))| 



N" 

for the subsequence {N"} of multiples of q. 
The proof in this case is complete. 







6. The case where < r < 1/6. 
In this section we will show the following proposition. 
Proposition 6.1. For any r with < r < 1/6, we have 

log|Jiv(^;exp(27rrx/^/Ar))| ^ ^ 

Proof. Since Jn{E; 1) = 1, wc have the equality when r = 0. 

If < r < 1/6, then -1 < g{j) < for j = 1, 2, . . . , iV - 1 and so < 1 for 

fc = 1, 2, . . . , TV - 1. Therefore 



\Jn {E;exp{27rrV^/N))\ 



N-l 



E/(fc) 



fc=0 



< N. 



On the other hand, since f{k) is positive (negative, respectively) if k is even (odd, 
respectively) and |/(A;)| is decreasing, we have 



E/(^) 



fe=0 
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'{1 + /(I)} + {/(2) + /(3)} + • • • + UiN - 2) + f{N - 1)} 

if N is even 

{1 + /(I)} + {/(2) + /(3)} + • • • + {/{N - 3) + f{N - 2)} + f{N - 1) 

if N is odd 

> 1 + /(I) = 1 + 2cos(27rr) - 2 cos(27rr/A^) > (27rr) V3607V^. 

Therefore we have 

log ((27rr) V3607V6) ^ log ( (iJ; exp(27rry^/iV))) ^ \ogN 



N 



N 



N 



and the proposition follows. □ 

7. The case where r is irrational and 1/6 < |1 — r| < 1/4. 

In this section we will prove a result similar to Theorerr ll.2l for irrational r with 
1/6 < |1 - r| < 1/4. 

Proposition 7.1. If r is irrational and 1/6 < |1 ^ ''I < 1/4, then we have 

\og\ Jn {E;exp{2TTr^/^/N))\ 2A(7rr + 6'(r)/2) - 2A(7rr - e{r)/2) 



lim sup 27r- 

AT^oo N r 

First we prove the proposition in the case where 3/4 < r < 5/6. 
Proof when 3/4 < r < 5/6. We put 



A 



Nip{r) 



B 



N{1 - r) 



C 



N9{r) 



and D 



N{2TT-d{r)) 



27rr r 2nr 2nr 

with (p{r) arccos (cos(27rr) + 1/2) and 9{r) :— arccos (cos(27rr) — 1/2). Note 
that g{A) = -1, g{B) = 0, and g{C) = g{D) 1. 
Since 

g{j) < -1 for j < A, 
-1 < g{j) < for A < j < B, 
0<5(j)<l for B<j<C, 

g{j) > 1 for C < j < D, and 
< .g(.?) < 1 for D < j, 



Table of g(j) regarding j as a continuous parameter 


j 







A 




B 




c 




D 




N 




5(0) < -1 




-1 


/ 







1 


gU) > 1 


1 


\ 






we have 

• 1 = 1/(0)1 < 1/(1)1 <---<|/(LAj- 1)1 <|/(LAJ)|, 

. \f{[A\)\ > \f{[A\ + 1)1 > • • • > \f{[B\ 1)1 > |/(Li?J)| > \f{[B\ + 1)1 > 

• ••>|/(Lcj-i)|>|/(Lcj)|, 

• \filC\)\ < \f{[C\ + 1)1 < • • • < Um - 1)1 < |/(Li^J)|, and 

• l/(L^J)l > l/(L^J + 1)1 > • •• > \f{N-2)\ > |/(iV- 1)|. 
Therefore |/(fc)| takes its 'local maxima' at fc = [Aj and [D\. 

Now we have 

iog|/(L^J)l 



lim 



N 



: lim — {log |2 sin(7rrj7A'' + 7rr)| + log |2 sin(7rrj'/7V — 7rr)|} 



\ /.ip(r)/2+7rr 

7rr 



\ PV{r)/2~TTr 

log |2sinj/| H / log |2 sin y| 
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A(7rr - f{r)/2) - A(7rr + ip{r)/2) 



and similarly 



lim 

TV— foo 



N 

TT-0{r)/2+7Tr ^ piT-e{r)/2-7ir 

log |2 sin?/| H / log |2 sinyj 



1 

nr J^^ ' ' ' ' ' nr 

A(7rr + e{r)/2) - A(7rr - 6l(r)/2) 



Since 



(7.1) 6:=7rr 



^.^ log|/(Li^J)| log|/(LAJ)| \ 



= A(7rr + e{r)/2)- A(7rr - e{r) /2) + A(7rr + </7(r) /2) - A{nr - </7(r) /2) > 0, 

(see Appendix) we see that |/(L-DJ)| is the maximum, that is, |/(fc)| < |/(L^J)I for 
sufficient large N. Therefore \JN{E;exp{2T:ry/^/N))\ < N\f {lD\)\. 

On the other hand, since the sign of f{k) does not change for k > IB\ and 
|/(fc)| < \fi[A\)\ forfc< LCJ, wehave 



\JN{E;exp{2TTrV^/N))\ 



N-l 



k=0 



> 



Since 



from (|7.1|l . we have 



l/(L^J)l 



LB-IJ 

filD\)- E /(^) 

fe=0 



>\f{[D\)-Nfi[A\)\ 



\f{[D\)\ N-,^ 



exp{-SN) 



\JM{E;eM2nrV^/N))\ > \f{[D\)\ ( 1 - At/MI^ 



N^oc 



|/(LI?J)|{1-A^exp(-JA^)} 
-\filD\)\. 



So we finally have 

log|Jjv(£;;exp(27rrV^/Ar))| 



lim 



N 



lim 

TV^oo 



iog|/(L^J)l 

N 

A(7rr + 9{r)/2) - A(7rr - 9{r)/2) 



as required. 

Next we will consider the case where 7/6<r<5/4. 
Proof when 7/6 < r < 5/4. We put 

N^(r) ^ N{r-1) ^ NB(r) ^ N{2^-6{r)) 



□ 



A 



2'Kr 
B' 



B 



N{2-r) 



A' 



2'Kr 
N{2TT-ip{r)) 



D 



2'Kr 



and A!' 



N{2K^ip{r)) 



r r r 

with ip[r) arccos (cos(27rr) + 1/2) and Note that g{A) = g(A') = g(A") = -1, 
g{B) = g{B') = 0, and g(C) - g{D) = 1. 
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Since 



5U) < -1 


lor 


J <A 


< 9[J) < U 


for 


/I < 7 < i5, 


< g{j) < 1 


for 


B<j<C, 


9{j) > 1 


for 


C<j<D, 


< 9{j) < 1 


for 


D<j< B', 


-1 < 9{j) < 


for 


B'<j< A', 


gU) < -1 


for 


A' < j < A", and 


-1 < 9{j) < 


for 


J > A", 



|/(fc)| has three 'local maxima' at fc = [^J, [D\, and [^"J. 
But since 

^.^ iog|/(LA--J)| 

JV->oo A'' 
^ IA"\ 

= lim — {log |2 sin(7rrjyiV + 7rr)| + log |2 sin(7rrjyA^ — 7rr)|} 

JV— >oo iV 

i=i 

= — / log|2siny| H / log |2sin?/| dy 

_A{TTr - (p{r)/2) - A{Trr + f{r)/2) 
Trr 

|/([Z)J)| is the unique maximum. Therefore the argument for the case 3/4 < r < 
5/6 can be applied and the proof is complete. □ 

8. The case where r is purely imaginary. 
In this section we consider the case where t = exp{2Trr/N). 
Theorem 8.1. //27r|r| > arccosh(3/2), then 
2.H lin, logJ;v(^;exp(2WiV)) ^ ^^^^^^^ ^ ^^^^^^^^^ _ ^^^^^^^ _ ^^^^^^^^^^ 

where T{z) := /J^ log 2 sinh ccd a; and (p{r) := arccosh(cosh(27rr) — 1/2). If 2n\r\ < 
arccosh(3/2), then 

logJjv(E;exp(27rr/iV)) 

N^oo N 

Proof. In this case 

g{j) = 4sinh(7r|r|j/A^ + 7r|r|) sinh(7r|r|j/A'' — 7r|r|) 
= 2cosh(27r|r|) - 2 cosh(27r|r|j/A/') > 0. 

Since g{j) is monotonically decreasing and g{0) = 2cosh(27r|r|) — 2, f{k) = 
11^=150) takes its maximum at g'([v?(|r|)A''/27r|r|J) if ^(O) > 1. Therefore 

j.^ logJjv.E;exp(27r|r|/jV) 

JV^oo A'' 

^ j.^ log/(Ly(|r|)iV/27r|r|J) 

JV^oo N 

M|r|)]V/27r|r|J o • I, /" I I • / , \ W 

•s-^ log2smh(7r r 7/7V + TT r ) 

= 1™ > IT? 

j=l 

^ ^.^ log2smh(7r|/i,j/A - 7ry|) 
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I rv{\r\)/2+n\r\ .ip(|r|)/2-7r|r| 

= —J— J- / log 2 sinh xdx -j r—r / log 2 sinh xd x 

and the result follows when 27r|r| > arccosh(3/2). 

If 27r|r| < arccosh(3/2), then g{j) < g{0) = 2 cosh(27r|r|) - 2 < 1 and so 

N > Jn{J; exp(27r|r|/A'')) > 5(0) - £ = 2 cosh(27rr) -2-s 

for any e > if A?^ is sufficiently large. Therefore 

^.^ logJ;v(£;;exp(27rr/A^)) _^ 

as required. □ 
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Appendix A. Some calculations 
Lemma A.l. For |r — 1| < 1/3, we have 

A(7rr + e{r)/2) - A(7rr - e{r)/2) > 
Proof. Put y(r) := A(7rr + 0{r)/2) - K{-kt - 9{r)/2) Since 

4sin(7rr + 6'(r)/2)sin(7rr-0(r)/2) =2cos(6i(r)) -2cos(27rr) = -1, 
we have 

^ = -log|2sin(7rr + 6'(r)/2)| 7r + - 



dr \ // n y 2 dr 

lde{r) 



-I- log 1 2 sin(7rr - 6'(r)/2) I TT - 

\ 2 dr 

= 27rlog|2sin(7rr- 6»(r)/2)| . 

Since tt/G < nr - 9{r)/2 < 57r/6 for 2/3 < r < 1, sin(7rr - 0{r)/2) > 1/2 and so 
dV{r)/dr > 0. Therefore V{r) > for 2/3 < r < 1 since V(2/3) = 0. 

Since V{2 - r) = V{r), the cquaUty also holds for 1 < r < 4/3. □ 

Lemma A. 2. For l/6< |r — 1| < 1/4, we have 

A(7rr + 9{r)/2) - A(7rr - e{r)/2) + A(7rr + ip{r)/2) - A(7rr - ip{r)/2) > 

Proof. Put W{r) := A(7rr + 9{r)/2) - A(7rr - e{r)/2) + K{iTr + ip{r)/2) - A(7rr - 
ip{r)/2). As in the proof of the previous lemma, we have 

dWir) 

— = 21og|2sin(7rr - 6l(r)/2)| + 21og|2sin(7rr - (p(r)/2)|. 
dr 

Since 77r/12 < nr - ^p{r)/2 < 57r/6 for 3/4 < r < 5/6, sin(7rr - <y?(r)/2) > 1/2 and 
so dW{r)/dr > 0. Therefore W{r) > for 3/4 < r < 5/6 since y(3/4) = 0. 

Since W{2 - r) = W{r), the equality also holds for 7/6 < r < 5/4. □ 
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